ABSTRACT
INTRODUCTION
Continuous systems with spatially distributed parameters are described by partial differential equations. However, exact solutions to such equations exist only for a small class of simple technical problems. For this reason, the continuous structure is usually discretized and divided into small, spatially lumped parameter elements. Such elements are called finite elements and the method is well known as the finite element method. A discrete model obtained in this way is described by the set of ordinary differential equations. The solutions to such equations pose no problem but the model is approximate and its accuracy depends on the number of finite elements. The greater their number, the more accurate the model. However, there is an optimal division density, above which the rounding errors start to seriously affect the numerical calculation. Additionally, a very large number of finite elements increases the order of the differential equation, which is not convenient when designing, for instance, control systems. Such a model also requires considerable computer run time and huge memory capacity to obtain and store numerical calculation results.
In the case of slender elements, such as: strings, bars and beams, for which the analytical and exact solutions are well known, it is better to use an accurate, continuous model description.
Consequently, there is no universal approach which is both accurate and applicable to a wide range of dynamic systems. That is why the modelling methods of physical systems are constantly being developed and improved.
The paper proposes a hybrid method of modelling that combines the advantages of the spatial discretization methods with those of continuous system modelling methods.
In the classical finite element method, the body is discretized in all three spatial directions (Fig. 1a) . In the proposed method, the same body is discretized only in two spatial directions (Fig. 1b) , with one direction remaining continuous. Such a division results in the appearance of discrete-continuous elements, so-called prisms (Fig. 1b) , with parameters distributed along one of the axes. Consequently, the obtained elements are one-dimensional distributed elements, described by second-order partial differential equations. However, these equations also include terms related to interactions between elements, as a result of which the entire system is described by coupled second-order partial differential equations. The obtained equations are solved by using the distributed transfer function method [15, 16, 18] . This method enables to obtain analytical or semi-analytical solutions for 1D and 3D systems, respectively. A similar idea was considered in [12] and [15] . However, in some aspects there are fundamental differences. In [12] and [18] the body is treated as deformable in the directions in which the discretization was made, while in the proposed method it is treated as a rigid and non-deformable solid in two discretization directions. This approach has many advantages. Firstly, it makes it possible to obtain a simple and clear system of partial differential equations. Then, by using the modal decomposition method, it is easy to determine the modal model and analyse it in the time domain [1, 9, 10, 11] . In a simple way, the modal model can be reduced to a low order model, which is convenient in design and analysis of control systems [2, 3, 4] . The proposed method has been applied in modelling 1D, 2D and 3D systems [8, 10, 12, 17] and may be used to modelling and solving many practical engineering problems [6, 7] .
GENERAL MODEL OF THE DISCRETE-CONTINUOUS SYSTEM
In order to derive a general model of the discrete-continuous system, let us consider two prisms, r and p, connected by a spring-damping layer, k, continuous in the x direction, with distributed parameters (Fig. 2a) . The discretized model of the analysed system is shown in Fig. 5 . Each element has 6 degrees of freedom expressed by means of general displacements. The first three of them are translational displacements along the x 1 , x 2 , and x 3 -axes, while the remaining represent rotational displacements around these axes: 
Fig. 2. General model of the analysed system: a) discrete-continuous, b) discrete
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In Eq. (11): E is the Young's modulus, G is the Kirchhoff shear modulus, I α,β is the geometric moment of inertia of the cross-section area perpendicular to the x β -axis around the x α -axis, and κ is the numerical shape factor of the cross section area.
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where: A sp is obtained from the matrix A sr by replacing the parameters and dimensions of the r prism with the appropriate parameters and dimensions of the p prism.
The equations derived in the above way were then verified in three steps. In the first step, continuous parts of Equations (26)÷(31) were compared to the appropriate components of the well-known equations describing one-dimensional elements with distributed parameters. As can be seen, the continuous part (first line) of Equation (26) is the same as the equation for a longitudinal bar element. In turn, the continuous parts of Equations (27) and (31) are coupled together and are the same as the Timoshenko beam model equations (vibrating in the x 1 -x 2 plane). Similarly, Equations (28) and (30) also describe the Timoshenko beam model, but vibrating in the perpendicular plane x 1 -x 3 . Lastly, the continuous part of Equation (29) expresses a torsion bar element.
In the second step, Equations (26)÷(31) were written in the matrix form and the obtained stiffness matrix A k (38) was compared to the corresponding matrix k K which describes the discrete model in the rigid finite element method [5, 13, 14] . As it turns out, the discrete parts of Equations (26)÷(31) are analogous to those in the rigid finite element method [5] . In the last step, easy examples were used and presented in this paper, some of which have analytical solutions and are thus easily verifiable.
A global model for the whole system is built in the same way as the finite element method (FEM) model. Global matrices A 02 , A 20 , A 10 include sub-matrices of each prism element, located on a main diagonal. Matrix A 00 is the sum of all the prism element stiffness matrices in the global system.
To solve the partial differential equation (32), the distributed transfer function method [15, 16, 18] is used. This method gives semi-analytical results for the tree-dimensional structure. To use it, Equation (32) is to be subjected to Laplace transformation, after which it takes the form with the boundary conditions
where:
denote the Laplace transformation of the corresponding functions q (•,t), f(•,t) , respectively, and 
where: 
The solution to Equation (42) can be presented as [12, 18] 
where: If we denote: is the matrix of transfer function between the i-th output (row) and the j-th input (column). In the case of a force concentrated at point x 0 , the relation (50) can be written as 
Assuming that the boundary conditions γ(s)=0, from Eq. (53) we obtain the equation The condition γ(s)=0 occurs in most cases. It means that the external force does not act on beam supports [12] .
In the specific case, when the excitation point ξ = 0.1 and the response observation point x=0.4 and γ(s)=0, the transfer function of the distributed parameter system is calculated by putting corresponding submatrices of the relation (45) into Eq. (51). In this way we obtain: a) for ξ < x 1 20 After putting s=jω into the transfer functions (55) and (56), the frequency characteristics can be calculated and the eigenvalues of the system may be determined. For the discrete-continuous model prepared in the above way, the frequency characteristics were calculated (Fig. 5) for the harmonic force excitation with amplitude equal to one and acting at prism No. 2, at point ξ=0.1 m. The displacement output signal was observed at prism No. 4, at the x=0.4 m point. The obtained characteristics were compared with those developed by using the finite element method and the ANSYS system (Fig. 5) . The calculated natural frequencies are given in Table 1 . The discrete FEM model used as the reference consist of 32000 twenty-node hexahedron elements.
FIRST EXAMPLE OF METHOD APPLICATION
The characteristics in Fig. 5 show that the first two frequencies of the proposed discrete-continuous model, consisting of 4 prisms, and the reference FEM model with 32000 elements are very similar and differ by about 1.8 and 1.4% respectively (Table 1 ). In turn, the corresponding frequencies of the FEM model consisting of 20 finite elements differ respectively by about 1.5 and 2.2%.
While the first frequency of the discrete-continuous model is slightly higher than the corresponding frequency of the FEM model with 20 elements, the second frequency is much lower and closer to the frequency of the reference FEM model (32000 elements). As the frequency grows, the discrete-continuous model appears to be more precise than the 20-element FEM model, although it consists only of four prisms.
The model consisting of one prism, which is equivalent to the Timoshenko beam model, turns out to be comparable with the 20 element FEM model. Although the first two frequencies of the Timoshenko beam model are less accurate, the next three frequencies are more accurate. But both these models are not accurate enough.
When the equivalent diameter d of the beam is greater than l/(2 π ), we should use a higher-density mesh or, for example, the here proposed discrete-continuous method of modelling.
SECOND EXAMPLE OF METHOD APPLICATION
As the second illustrative example, let us consider a simply supported plate along its outline (Fig. 6a) Comparative calculations were performed after implementing the proposed discrete-continuous method in the MATHEMATICA system and using the finite element method in the ANSYS system. The calculations were made for different numbers of prisms and finite elements. A sample discrete model of plate divided into twelve prisms is shown in Fig. 6 . All prisms are connected via spring layers with distributed parameters. The stiffness coefficients of these layers were calculated from the following equations (25): The frequency characteristics were calculated for the harmonic force excitation having the amplitude equal to one and acting at the point with coordinates: x 1 =0.4 m and x 2 =0.2 m. The displacement output signal was observed at the same point. The received characteristics were compared with those obtained by using the finite element method and the ANSYS system, and also with the exact frequencies calculated from the relation All frequency values are compared in Table 2 The obtained results prove that the proposed method is effective and more accurate than the finite element method. Figure 7d and Table 2 show that for a smaller number of elements (10 prisms) the presented method gives results closer to the accurate values than the finite element method with a larger number of elements (15 elements). The relative error of the proposed method with respect to the reference finite element method model with 3000 elements is smaller than that of the finite element model with a large number of elements (15 elements), Table 2 .
CONCLUSIONS
The paper presents a hybrid discrete-continuous method of modelling. For the proposed approach, general partial differential equations were derived. These equations were verified and then written in a formalized matrix form, which is very convenient in application to numerical computations. A beam fixed at both ends and a simply supported plate were used to illustrate the general concept. The proposed method is described in a general form and can be also easily applied to other cases, not presented in this paper, including simply supported or one side fixed beams, as well as rectangular plates with different boundary conditions.
The performed numerical calculations and computer simulations showed that the proposed method, especially in the higher frequency range, gives more accurate results than the finite element method with the same or similar number of elements. In addition, even at a small number of elements, it gives a very good model accuracy and high convergence of numerical calculation results. The proposed method has been proved to be efficient and applicable to discrete-continuous modelling of dynamic systems. It can be applied especially to the analysis, simulation and numerical calculations of
